
Tutorial 5

Q . I

Prove that any vector field F on a star - shaped region Tn IR"

satisfying the
"

compatibility conditions
"
must be conservative .

Prerequisite :

Star - shaped region : A set DEIR
"
is said to be star - shaped if I ✗☐

c-I

sit . taxes , 7 a straight line Lx. ,× =D joining ✗ok ✗ .

vhxoix

Compatibility conditions :

A vector field F :S→ IRN is said to satisfy the

compatibility conditions if it is d- & V-lej.k.tn , we have
2 Fj JFK
Trxk

=

Jj
Remark : The compatibility condition is trivial when k=j .

Here are the non-trivial compatibility conditions when n=2,3 .

n=2 : JF, 21=2
8×7=-2×1

In general . There are nlnzt)
← non-trivial compatibility

n=3 : 1¥
.
-1¥ . }¥

,
-1¥ . }¥=¥×; conditions.



Solution :

By lecture note 12 , we know that if we can find a C'

function f :D→ IR sit . Yf=F , then F is conservative .

Define f:D → IR by

F. dif- 1×7 =) Lxoix
=/ I Flxt -1×04--1) ) • Ix - Xo) dt

We want to show that f- is G- , & If = F.
We first compute the partial derivatives of f.

¥
;
#

= dim
ftxthei) - f- 1×1

h→o h

t.mg 1/1=11×-1
heist -1×011--11 ) • lxthei -xo)

/ dt=

n→o
- FIX -1-1×011--4) • Ix - Xo)

0 h
1

¥, ) y.im/Flx-heiHtXoltt1).lxthei--xo) )
n→,

- FIX -1-1×011--4) • Ix - Xo) dt
o h

= 1,1¥.tt/xt+xol1-tD1.lx-xoDdt-l*)
I?) : to be verified later .



Note that

IF txt + ✗• 4-4) • (x-%))
n

=¥. ¥, F
' 1×1--1×011-t)) his - xjs ,

where upper script j stands
for the jth component

= ¥, ¥. 11=01×-1 -1×011--111 ) I ✗J - ✗f) 1- Élxt -1×011--11) 1×1 - ✗f)

=/¥, lxt-x.ci- -41/411×1 - ✗f)It Filxt -1×011--11)
¥.

✗
'
= f! = {

0 if j=i
1 if j=i

=-11¥, txt -1%4--111 his - ✗%)] + Filet -1×011--41
compatibility
condition

= t Filxt troll - -41] • Ix - Xo) + Filxt -1×(1-+1)

= ¥ It Filxt -1×011 - t)) )

(*) =/ it ¥1T Filxt -1×04--4)) dt
= Filed by FTC .

i. f- is differentiable & Pf = F.

Since F is cont , , f is d- .



It is left to verify 1?) .

Fix s>0 , and define G :[0 / E) ✗ [ 0,17 → IR by
Fllxthei)t -1×011--11 ) • txthei -Xo)

Glhit) = {
- FIX -1-1×011--4) • Ix - xo) ,

h -1-0

h

¥.tt/xt+xol1-t) ) ) • Ix - Xo)) h=o

G is cont . on [or] ✗ [0,1] ⇒ uniformly cont , on

-10 . E) ✗ [0-1]
.

In particular , V-E>0,78>0 Sit .tt c- To > I] , we have
.

16th it) - GIO.tl/ < E as h< f.

Gloat) - E - Glhit ) < Gloat -12

51610 >Hdt -Eff Glhit)dt<f§ loitdt + E
0

⇒ 1)d- Glh.li/dt-fo1Gioit)dt/ce as has

i. ¥701,1 Glhitdt =); Glo > f) dt .



0.2

Let F : IR
>
→ 1123 be a vector field defined by

Flxiy .⇒ = (2xcosy -2833+2yet- rising , yet-6×2-2)
(a) Show that F is conservative .

(b) Find all potential functions of F.

(c) Evaluate f
,
F. di , where C is any differentiable curve starting

from 10 , -n , 0) & ending at 111Th 1)

Solution :

(a) Since 1123 is star-shaped , it suffices to show the

compatibility conditions .
IF,

ay
= -Hsing , }¥- = -2✗sing __3¥

}¥= -62-2 , 3¥ = -bz '=J¥
}¥= 2yet , }¥=2yeZ=}¥-
in F is conservative .

(b) A potential function f- : IR> → IR satisfies Ff - F , ie .

3¥ =2xcosy -283 117

¥y =3 -12yet- Ising 14

¥z=yZeZ_ 6×2-2 131



(1) ⇒ f- IX.y > 2-) = ✗
2

cosy -2×2-3 + gily ,Z)

for some differentiable g; 1122→ IR .

(2) ⇒ →Zslny + = 2¥ = 3+2yet-rising
i. IF = 3+2yet

g.ly ,⇒ =3y + y
'e' + gzlz)

for some differentiable 92 : IR→ IR .

flxiy ,⇒ = ✗
'

cosy -2×2-3-1 3g + y
'et -1gal⇒

(3) ⇒ -6×2-2-1 y
-et -1 ¥2 =¥z = y -et -6×2-2

dgc
Tz

= 0

c

'

, gzlz) = C
= constant .

i. The potential functions of F is

flxiy ,⇒ = ✗
'

cosy -2×2-3-1 3g +y
-et-1C , where CHR is

a constant .

(c) Choose flx.y.tt/dcosy-2xz3-3y-y2eZ as the potential function .

By the FTC for line integrals,

fc-t.DE = f-LIM 't ) - f- 10 >Tho)
= 12 . cosI- 2+3 + e - 0

= e


